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This article describes a detection model to identify the presence of Galileo optical
communications from an Earth-based Transmitter (GOPEX) signal by processing
multiple signal receptions extracted from the camera images. The model decom-
poses a multi-signal reception camera image into a set of images so that the loca-
tion of the pixel being illuminated is known a priori and the laser can illuminate
only one pixel at each reception instance. Numerical results show that if effects
on the pointing error due to atmospheric refraction can be controlled to between
20-30 prad, the beam divergence of the GOPEX laser should be adjusted to be
between 3040 urad when the spacecraft is 30,000,000 km away from Earth. Fur-
thermore, increasing beyond five the number of receptions for processing will not
produce a significant detection probability advantage.

l. Introduction

The trajectory of the Galileo spacecraft after the second
Earth flyby in December 1992 allows Galileo optical com-
munications from an Earth-based Transmitter (GOPEX)
demonstration against a dark-Earth background [1]. Fur-
thermore, as the spacecraft rises to an elevation as high
as 55 deg, the deleterious effects of refraction associated
with the laser transmissions through the atmosphere will
be reduced substantially. Because of these two factors, the
Earth-2 flyby has always been regarded as a prime oppor-
tunity for the GOPEX demonstration.

Against a dark-Earth background, the GOPEX laser
strength received at the spacecraft will produce ade-

quate signal to noise levels, even when the spacecraft is
30,000,000 km away. However, pointing errors will signi-
ficantly degrade the signal strength at the spacecraft and
subsequently reduce the probability of detecting a laser
pulse by the solid-state-imaging (SSI) camera. Detection
of the laser signal is of particular concern because, as the
spacecraft recedes from Earth, the signal strength at the
camera decreases. Different strategies for processing the
images must therefore be used to ascertain whether the
laser signal was detected by the camera.

The strategy for laser transmissions to Galileo will dif-
fer over the proposed 28-day course of experiments. Close
to Earth, the camera shutter will remain open for only a
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few tens of milliseconds to prevent lateral blooming of the
camera pixels imaging the bright Earth onto those pixels
containing the laser transmissions against a dark-Earth
background. At the 30-Hz maximum laser-transmission
rate, only one or two transmitted pulses are expected to
be captured in a single camera frame. However, as the
spacecraft recedes, the Earth will subtend fewer pixels in
the focal plane of the SSI, and the camera shutter could
be kept open for a longer period (approximately 400 msec)
before lateral blooming affects the laser-illuminated pixels.
Figure 1 shows a sample image of the GOPEX laser trans-
mission.

It is expected that for a given set of input condi-
tions, the probability of detecting the laser transmission
increases with the number of received laser pulses avail-
able for processing in a given frame. Thus, at the longer
ranges, where the laser signal is reduced, scanning the
camera across the image of the Earth to illuminate sev-
eral pixels with the laser transmission will serve not only
to augment the deep-space communication demonstration,
but also as a tool in processing the returned data to en-
hance the probability of identifying the transmitted laser
signal.

This article describes a mathematical model to analyze
the detection probability for the case of several laser pulses
on a single frame. This analysis addresses the transmission
and detection strategies for the longer ranges when the SSI
camera is to be scanned across the image of the Earth.
In particular, numerical examples are given for when the
spacecraft is 30,000,000 km away from the Earth.

The multiple independent reception analysis presented
here extends the single reception-detection model in [1].
It is the second step in the development of a comprehen-
sive model to analyze the probability of detecting the laser
transmission under actual conditions expected during the
Earth-2 flyby. In the current analysis, the effects of Earth
rotation and the relative velocity between the spacecraft
and Earth are ignored, and it is assumed that the GOPEX
laser pulse illuminates a single pixel with a known location.

Il. Mathematical Model

The analysis begins with the hypothesis that when the
GOPEX laser pulse is transmitted, it is called H;, and
when the laser pulse is not transmitted, it is called Hp. A
total of N receptions are assumed to be available for pro-
cessing. The detection processor will not determine which
hypothesis is true until all N receptions are processed.
Further, the receptions are assumed to be sufficiently apart
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so that they can be considered to be independent of one
another. Let r; be the received number of photoelectrons
at the ith reception. Under the two hypotheses, then

Hy @ ri=sitei+n;

Hy : r;=¢e€;+n;, i=1,...,N (1)

where s; is a Gaussian random variable representing the
number of photoelectrons due to the GOPEX laser with
mean u, and variance o;; ¢; is a Gaussian random variable
representing the number of received photoelectrons due
to earthshine with mean p. and variance o.; and n is a
Gaussian random variable representing other disturbances
with zero mean and variance o,. The random variables
s;, e;, and n; are uncorrelated relative to one another.

Define A(r) to be the likelihood ratio of the two hy-
potheses where r = (71,72,...,rn) is the received random
vector. Then
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where 0? = 0? + 02 + 02 and 02 = 02 + 02.

Under the Neyman-Pearson criterion, the probability
of detection can be maximized by setting the detection
threshold ¥ to the log likelihood ratio for a given proba-
bility of false alarm. From Eq. (2), setting £(r) = In A(r),
the optimal detection processor is given by

N
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The processor will declare the existence of the GOPEX
laser pulse if Eq. (3) exceeds the threshold v. In Eq. (3),
the optimal processor is the difference of two quadratic
forms. Each of the summations in Eq. (3) has a non-
central x? distribution. Although the probability density
function of the random variable £ (the log likelihood ratio)
can be computed numerically, the approximation provided



by using the moment-generating function is much simpler
and intuitive. It is generally adequate to predict the per-
formance of the optimal detector.

Define Py, to be the probability of false alarm (i.e., the
laser is transmitted when it is not) and define Py to be
the probability of detection (i.e., the laser is transmitted
when it is). From [2], the probability of false alarm and
the probability of detection can be approximated by

Py n cEO-sE0+2120) (s, /g(s)) (4)

and

Py v eI +(=1)2/2() . g ((1 - ) g"(s)> (5)

where £(s), é(s), and E(s) are given in Appendix A, and

1 * 2
Q(l’) = ﬁ‘/ C_t /th

The approximations in Egs. (4) and (5) will give ex-
act solutions for cases of equal variances, l.e., 0y = 0.
This corresponds to the case of deterministic GOPEX laser
transmission of p,. For example, by setting o1 = 0o and
N = 1, this model reduces to the previous model reported
in [1]. Since the approximation makes use of the Law of
Large numbers, results presented here represent a tight ap-
proximation to the exact solutions for N > 3. In general,
for any given probability of false alarm, a corresponding
s; can be computed by using Eq. (A-8). Substituting the
resulting sy in Eq. (A-6) gives the threshold . The result-
ing detection probability is then given by Eq. (5), which
uses the same s;.

I1l. Numerical Results

This section presents results of the multiple reception-
detection analysis. In these calculations, a laser out-
put energy of 0.25] at the 0.532-um wavelength is as-
sumed. Since the GOPEX demonstration will be con-
ducted against a dark-Earth background, a nominal photo-
electron count of 600 photon background noise is assumed
when the camera shutter remains open for half a second.
This count is approximately 10 percent of the background
earthshine used for the Earth-1 analysis.

Figures 2 and 3 show some of the computation results.
Without loss of generality, the probability of false alarm
is taken to be no more than 1 x 10~%. The noise vari-
ance of the GOPEX laser is extracted from [2]. Fig-
ure 2 plots the detection probability as a function of
the beam divergence of the GOPEX laser pulse when
the spacecraft is 30,000,000 km away from Earth. The
curves are parametrized by the number of receptions avail-
able for processing. The pointing error is assumed to be
25 prad for the computation. It can be seen that the
maximum probability of detection increases with the num-
ber of processed receptions. However, processing more
than four receptions will result in only minor improve-
ments of the detection probability. In all four cases,
the maximum probability of detection occurs between 25—
40 prad laser-beam divergence.

Figure 3 shows the probability of detection when the
spacecraft is again 30,000,000 km away from Earth, with
three processing receptions. The plots are parametrized
by pointing errors of 20, 25, and 30 urad. When the beam
divergence is small, as compared with the pointing error,
the probability of detecting the presence of the GOPEX
laser pulse degenerates to the probability of searching for
the GOPEX laser pulse within the space spanned by the
pointing error. Consequently, the detection probability de-
creases as the beam divergence is reduced. On the other
hand, since the intensity of the GOPEX laser pulse de-
creases with increasing beam divergence, the detection
probability will decrease as the beam diverges. It can be
seen that for all three cases, the maximum detection prob-
ability is achieved when the beam divergence is between
30-40 prad.

These figures indicate that if the pointing error of the
GOPEX laser pulse is confined to between 20-30 urad,
the beam divergence should be maintained between 30—
40 prad to maximize the detection probability when the
spacecraft is 30,000,000 km from Earth. Furthermore, the
detection probability can be enlianced by processing mul-
tiple receptions within the range of interest.

IV. Summary

This article describes a detection model to identify
GOPEX laser transmissions by processing multiple recep-
tions extracted from the camera image. The approach
presented here is valid for N > 3, even if the distributions
of s;, e;, and n; are non-Gaussian. Numerical results show
that if effects of the pointing error due to atmospheric re-
fraction can be controlled between 20-30 urad, the beam
divergence of the GOPEX laser should be adjusted to be-
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tween 30-40 prad when the spacecraft is 30,000,000 km
from Earth. Increasing the number of receptions for pro-
cessing beyond four will have diminishing returns.

There are several assumptions made to reach these con-
clusions. First, the model assumes a priori that the loca-
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tion of the pixel being illuminated is known and that the
laser illuminates only one pixel at each reception instance.
Effects of any disturbance due to Earth rotation and the
jitter of the spacecraft dynamics are not considered. Fur-
ther effort will be required to include these effects and will
be reported later.
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Fig. 1. A sample of GOPEX laser transmission.
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Fig. 2. Effect of increasing number of receptions on the detection probability.
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Fig. 3. Degradation of the detection probabllity due to laser pointing errors.




Appendix A
The Approximation of Prg and Py

The probability density functions of the received vector
r under the two hypotheses are given respectively by

N
2 2
p(r/Hy) = H 2”0 e—(ri—ps—pe)?/207 (A-1)
i=1 1
and
N 2 2
p(r/Ho) = H 27m e—(ri—ne)’/203 (A-2)
i=1 a
where 02 = 02 + 02 + 02 and 0% = 02 + o2,
Let
£ = E [e"l(")/Ho] (A-3)

be the moment-generating function of the log likelihood
ratio £(r) under Ho. Then, substituting Eqs. (A-1) and
(A-2) in Eq. (A-3) gives

o0 1 ) , s
E(S) =Nln / e"(""—lh—u.) {207
-~00 \/27!'0'1E

1—s
x ! e—(ri=ne)*/203 dr; (A-4)

After some algebraic manipulations,

given by
N (0.2)1—3(0.2).1
=5 {m (Fr )

s(s — Dpj
sod + (1 —s)o?

the integral is

(A-5)

Differentiating Eq. (A-5) with respect to s, one has

oy N o? o — o?
)= 3 {‘<> P

2 5260 (S - 1)201 } (A—ﬁ)
*[sof + (1 - s)o})”
The second derivative of £(s) is given by
- . N ol — o? 2
&s) = 2 { (sog +(1—s)o?
2,2
o206 (A-T)
[s03 + (1 — )02
From [3], the probability of false alarm is
Py 2 eE(=6(F(7/2)E6) L g (s\/s"(s)) (A-8)

and the probability of detection is given by

Py v SOHA-OEEHG-DAL . ((1 — ) é'(s)>

(A-9)
The corresponding threshold can be determined as
7 =£(s)

The function Q(z) is given by

Q(z) = \/%/ e~ 2g1

It should be noted that £(s) must be positive in both
Egs. (A-8) and (A-9) for all values of 5. The first term on
the right-hand side of Eq. (A-7) is always positive. A suf-
ficient condition for £(s) to be positive is that the denom-
inator of the second term remains positive for all values
of s. Hence, the variable s is restricted by the following
inequality,
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